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Executive Summary

Phase I of the NETEX program is designed to develop an understanding of the effects of
interference from ultra-wideband (UWB) transmitters on legacy military radio receivers,
nearly all of which are narrowband (NB) relative to the UWB signal. UWB-to-NB
interference is being investigated via two parallel activities: (1) extensive testing and (2)
analysis/simulation. This document is the third major report on the continuing work of
the analysis/simulation program. This report builds on the results of the first and second
reports [1][2], which focused primarily on the impact of a single UWB transmission on a
NB receiver at the physical layer.

The first report developed physical-layer models to quantify the effect of interference
from a UWB transmitter to a narrowband receiver. There were two main components:
(1) a detailed analysis of the UWB power spectral density (PSD), which gives the
average power-per-Hz vs. frequency for the UWB signal; and (2) a set of models
describing the effect of UWB interference on performance for several different
communications receiver types. Performance is quantified using the usual measures such
as bit error rate (BER) for digital communications receivers, and baseband signal-to-noise
ratio (SNR) or signal-to-interference ratio (SIR) for analog receivers.

The second report provides an initial analysis of the coexistence between UWB and
legacy NB systems, quantifying the tradeoff between UWB transmit power and the
interference impact on a narrowband receiver that is a fixed distance from the UWB
transmitter. Aggregate interference impact (additive interference from multiple
randomly-distributed UWB transmitters) is analyzed separately but not included in the
coexistence analysis. The second report also enhances the work of the first report by
introducing additional interference models, including (1) digital communications systems
using frequency shift keying (FSK) with coding in the presence of UWB interference; (2)
the effects of the UWB interference on pulsed radar systems; and (3) the effect of low
pulse-rate UWB interference on an FM receiver, below the FM threshold.

The first Chapter of this report provides an analysis of the impact on a NB receiver of a
group of UWB transmitters that are randomly located in two dimensions. The total UWB
interference power is taken as the sum of the power levels received from all active UWB
transmitters, and the desired signal to the NB receiver is assumed to be Rayleigh-faded
due to multipath propagation over a non-line-of-sight path. Two cases are considered: (1)
no constraint on the placement of the UWB transmitters relative to the NB receiver, and
UWRB transmitter locations are governed by a two-dimensional uniform random
distribution (a Poisson point distribution); and (2) an “exclusion zone” of some specified
size surrounding the NB receiver, within which there cannot be any UWB transmitters,
and outside the exclusion zone, the transmitter location distribution is uniform random.

Closed-form expressions are derived for the cumulative distribution functions (CDFs) of

the carrier-to-interference ratios (CIRs) and the carrier-to-interference plus noise ratios
(CINRs) for each of these two cases, with the size of the exclusion zone being a
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parameter in the second case. The outage probability is the probability that the CIR or
CINR is below some critical threshold (e.g., the CIR or CINR necessary to support some
target bit error rate or baseband signal to noise ratio). Simplified approximations are
developed for low outage probabilities (below about 10%) and used to analyze the
tradeoff between UWB transmit power and UWB transmitter density (active transmitters
per square meter) for each of the two cases, for a given outage impact on the NB receiver.
Numerical examples are provided showing the benefit of the exclusion zone in increasing
the allowable UWB density and/or transmit power.

To continue adding to the base of physical-layer interference models, Chapter 2 analyzes
the effect of UWB interference on a CW radar altimeter using linear FM (chirp)
modulation. The scope was limited to cases for which the pulse rate is no greater than the
IF bandwidth. The receiver was assumed to be an ideal discriminator followed by
baseband filtering, which may be an integral part of the display or control mechanism
associated with altimeter. The effective baseband bandwidth will be very narrow,
because the process being tracked (the aircraft altitude) is slowly varying, and any high
frequency components at the discriminator output will be due to noise or interference. As
a result, most of the energy at the discriminator output due to the UWB pulse is rejected
by the baseband filtering and the UWB signal has little effect on the altitude estimate.

UWB signals with pulse rates that are high relative to the IF bandwidth will appear as
combinations of CW tones and noise-like components. A CW tone within the IF
passband can cause a DC component at baseband (at the discriminator output) which
cannot be rejected by the baseband filtering. However, CW interference is not unique to
UWRB signals, and any well-designed altimeter receiver should have capabilities for
recognizing and removing the effects of CW interference.

To continue enhancing the understanding of physical-layer UWB interference effects,
Chapter 3 provides a detailed analysis and explanation of the abrupt threshold
phenomenon that occurs when an FM receiver is subjected to UWB signal with a pulse
rate less than the receiver channel bandwidth. This was first observed during the analysis
described in Chapter 6 of [2]. The mechanism underlying this phenomenon is explained,
and using physical reasoning based on that mechanism, a closed-form approximation is
derived for the curve showing the baseband output interference energy per pulse as a
function of the carrier-to-interference ratio times the ratio of the pulse rate to the receiver
bandwidth (the parameter denoted N, ). Agreement with numerically-derived results is

excellent, as can be seen from the curves below. The effects of this phenomenon were
observed in the tests on an FM receiver, and are seen in the analysis of Chapter 2 in this
report as well.
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Chapter 1: System-Level UWB Interference Analysis

1.1. Introduction

Previous reports [1][2] have developed physical-layer models for analysis of interference
from UWB transmitters to narrowband (NB) receivers, and provided physical-layer
analyses of the interference impact. These analyses generally considered the effect of a
single UWB transmitter on a single narrowband receiver, although Chapter 3 of [2]
discussed aggregate interference from multiple UWB transmitters. Annex 3A of [2]
derived an expression for the cumulative distribution function (CDF) of the total power
received from multiple UWB transmitters that are distributed around the victim receiver
in a uniform random fashion.

One major goal of this report is to develop a modeling framework for a system-level
interference analysis and to provide some initial results and conclusions about UWB/NB
coexistence. For the present, the focus will be limited to UWB-to-NB interference, rather
than NB-to-UWB interference. It is assumed that the UWB devices are randomly-
scattered spatially in two dimensions, and operated as a network, performing some
function of combination of functions such as local area data networking, position
location, or local radar (e.g., a UWB radar net monitoring a protected area).

The analysis initially focuses on a victim narrowband receiver, which is assumed to be
surrounded by the UWB transmitters. Figure 1-1 illustrates the concept.

S

- S
S

& (<)

Figure 1-1: Conceptual illustration of Interference to a NB transmitter from a UWB
network
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1.2. Parameters and Assumptions
Key parameters of the analysis are shown in the table below for reference.

0, spatial density of UWB transmitters (transmitters per km?)

a average traffic intensity (transmit duty cycle) per UWB transmitter

P, = pa average density of UWB transmitters thar are transmitting at a given
time

C, carrier (desired signal) power received by the NB receiver

a " local mean (averaged over multipath fading) NB received carrier power

v, multipath fade factor; C,, =v C,,

N, effective thermal noise power as seen by the NB receiver

Lws total UWB interference power seen by NB receiver

P, UWRB transmit power within the NB receiver passband

fo NB receiver channel center frequency

4 path loss exponent (path loss proportional to d”)

A carrier to interference plus noise threshold for the NB receiver

It is assumed here that the carrier is Rayleigh-faded, which is appropriate to a signal
subject to non-line-of-sight (NLOS) propagation with multipath. The interference is
assumed to be the power sum of the signals received from all surrounding active UWB
transmitters. It is assumed that in general, the UWB transmitters will transmit bursts
measured in milliseconds or tens of milliseconds, so the interference will be time-
varying. The carrier will vary as well due to motion of the transmitter and/or receiver,
and movement of reflective objects in the environment. Thus, the carrier to interference
plus noise ratio (CINR) is not static, but will vary at rates approximating those of typical
digital communications frame rates (e.g., 100 Hz). What will be of interest here is the
probability that the CINR drops below some critical threshold A. Thus, the results here
take the form of a statistical “snapshot”, such as the probability that at a given time, the
CINR is below A. This condition is termed an “outage”.

1.3. Propagation

1.3.1. Desired Signal to Victim Receiver

The desired signal is assumed to be subject to multipath fading, and the receive signal
power can be represented at a given point in time as

c,=v,C, (1-1)

m

where C,, is the local mean received signal, and v, is a random variable that represents

the variation due to the multipath fading. Rayleigh fading is assumed, in which case the
probability density function (PDF) of v, is

NETEX System-Level UWB Interference Analysis
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£, (v)ze_v v=>0. (1-2)

Although it will not be included in the initial analysis, shadow fading can also be
incorporated into the model using

C,, =v,(C,) (1-3)

where <5nb> is the average value of the local mean, averaged over the shadow fade
variations, and v, is a random variable that represents the effects of shadow fading. The
mean <Enb> will be a function of the distance of the narrowband receiver from its

companion transmitter, the frequency f,, the transmit power, and the antenna
characteristics.

The relationship between <Enb> and distance can be based on models which apply to the

antenna elevation, terrain, transmitter-receiver distance, and frequency range used by the
NB victim systems. These models typically give the path loss in dB in the form

L(d):A+10ylogd (1-4)

where d is the distance between the transmitter and receiver, and the parameters 4 and y

depend generally on frequency, terrain, and the elevations of the transmit and receiver
antennas. Some of these models are based on mathematical curve fitting to measured
data, so their range of application (in terms of frequency, limits on d, antenna elevations,
etc.) is limited to the range of conditions over which the measurements were made.

The random variable v, is often modeled as lognormal, in which case 10logv, is

Gaussian with a standard deviation of o dB, usually assumed to be 8 to 10 dB for
frequencies in the UHF region. If V., =10logv, then

— _0'2 In10

V. =10log¥v 1-5
g gV, 20 (1-5)

Clearly, from (1-3), v, =1 by definition.

NETEX System-Level UWB Interference Analysis



11 August 2003 -9- Contract MDA972-02-C-0056

1.3.2. UWB-to-NB Interference Path

Propagation models used in system analysis are narrowband models, in that they assume
that the signal center frequency far exceeds the bandwidth. With UWB signals, this is
not the case, and traditional narrowband propagation models may not apply, at least
without some adjustments. However, narrowband propagation models can be applied to
the interference path, because the victim receiver only sees a narrowband signal and for
most purposes, the propagation channel can be modeled as a linear channel as shown in
Figure 1-2. An equivalent channel can be defined by passing the UWB signal through a
narrowband filter with center frequency f, prior to transmission, which results in the

same interference waveform being presented at the detector/demodulator block of the NB
receiver. Hence, narrowband path loss models can be used for the interference analysis.

Multipath Channel

o, 4]
Narrowband
g > a, 7, Filter
: > () —> 1)
[ ]
—> Q, 7,

Figure 1-2: UWB-to-NB propagation channel model

Multipath
o) Channel

g(t) —>| h(1) —> 1)

Figure 1-3: Equivalent channel model

The appropriate model will again depend on the conditions, including the distance
between the UWB transmitter and the NB receiver, the NB receiver center frequency, the
terrain, and the antenna elevations.

For this analysis, a general exponential path loss model will be used for the interference
path, so that the interference power at the NB receiver from a UWB transmitter d meters
away is

1,(d)="F

x

cad” (1-6)

where the constant o depends on frequency. One way to define « is to assume free-
space loss at 1 meter, giving

NETEX System-Level UWB Interference Analysis
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(AY (e Y _
“{4;;} _(mgfoj (-7

where A is the wavelength and c is the speed of light. For example, at 2.4 GHz,
10logax = -40dB. However, for the general formulation developed here, the exact value
of a is not important.

In (1-6), P, is the UWB transmit power as seen through a filter with bandwidth B, and
center frequency f;. Initially it is assumed that P, is the same for each UWB

transmitter that is actively transmitting a burst.

1.4. CDF of the Aggregate UWB Interference Power

The total UWB interference received by the NB receiver is

Ty =P, > d;” (1-8)
J

and the {a’ j} are assumed to be randomly located with a uniform spatial distribution.
This means that if the average density of active UWB transmitters is p, , then on average
there are A4- p, active UWB transmitters within some are 4. The actual number of

active UWB transmitters within the area is a Poisson-distributed random variable #n ,; i.e.,

P, (N)=Pr{n, = N}j=e " (A”T,) (1-9)

Clearly, i ' (N ) =1.
N=0

It is useful to define a normalized version of 7, :

I
Z EW (1-10)

The cumulative distribution function (CDF) for Z is derived in Annex 3A of [2] and is
shown to be (where v =2/y):

NETEX System-Level UWB Interference Analysis
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F(z)=Pr(Z<z)=1-1% F(kv){r(ljv)}k sinkz(1-v), z>0 (1-11)

z

For z>>1, F,(z)=1-z". Asalso shown in Annex 3A of [2], if only interference from
the nearest transmitter is considered, then

F, (z) = exp(— Z*V) z >0 (nearest interferer) (1-12)

Again, for z >>1, F, (z) =1-z"", from simply expanding the exponential. Thus, for
high values of z (strong interference), the nearest-interferer and multiple-interferer
distributions are nearly equal. Figure 1-4 shows the CDF of the aggregate interference
for the multiple-interferer and nearest-interferer models (extracted from Figure 3-2 of

[2D).

99 LU L L I L L L L I 1T 1T T T T T17TTT I T T T T T 71771

98 s —
95 -

90 Single interferer

§ 80 _

5 70 —
&

—~— 50 —

N
Vv
N 30 |
— 20 .
_

I 10 -
T s -
R 2 -

1 ‘ . . -]
0.5 / Multiple interferers —
0.2 -
0.1 11 /l 11 /1 l 11 1 1 1 1 1 1 | l ) I T TN N N N S ) l ) T TN N N N S )

-10 0 10 20 30
10 logz —>

Figure 1-4: CDF of the aggregate interference

1.5. CDF of the Carrier-to-Interference Ratio

To understand the impact of the UWB transmitters on the performance of the NB
receiver, it is useful to have an expression for the carrier-to-interference ratio as seen by
the NB receiver. From such an expression, other measures of interest such as bit error
rate (for digital communications systems) and baseband signal-to-interference ratio (for
analog communications) can be derived.

NETEX System-Level UWB Interference Analysis
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Let a normalized version of the local mean NB carrier power be

- C
7 - Cu 1-13
AN (-

and the faded normalized carrier power is

Xb :vm)?nb' (1-14)

n

What is of interest is the CDF of the carrier-to-interference ratio; that is

Pr ﬁ</\ :Pr[ﬁ<Aj=Pf VY <A |=Prly, <_£ (1-15)
Iuwb Z Z an

Given that Z takes on a particular value z,

nb

Az
P{vm <_£Z:zj:1—e Loy (1-16)

and removing the conditioning on Z gives

Pr(vm < yﬂ] =1 —TeX”b £, (2)dz (1-17)

nb 0

Note that the integral in (1-17) is the moment generating function or characteristic
function of Z. That is:

@Z(x)=<exz>=Te“fz(z)dz (1-18)

It is not necessary to know explicitly the PDF f, (z); it is sufficient to know the moment
generating function. Using eq. (10) in Annex 3A of [2] and substituting & = —j@, the
characteristic function is

NETEX System-Level UWB Interference Analysis
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D, (— f) = exp(— fj z‘ve‘ﬁzdzJ

The Gamma function is defined by Euler’s integral as ([6], p. 255, eq. 6.1.1):

M(x)=¢"[z'e*"dz, Rex>0,Re&>0
0

Letting x =1—v, the argument of the exponential in (1-19) is

o0 0

§Iz_ve_§zdz =£" -é‘l_v.[z_ve_‘fzdz = f‘T(l — V) v<1,£E>0

0 0

and the characteristic function is

®, (- &)= expl- £ T(1-v)

Letting & = i\ gives the desired CDF as

an

Pr( Co <AJ:1—CDZ(— A j
IUWB an

=1-exp —()éjr(l—v)]

—1—exp —(_inr(l—gj y>2
an 7/

(1-19)

(1-20)

(1-21)

(1-22)

(1-23)

Figure 1-5 shows this CDF for four different values of y, and also Monte Carlo results

for y =3 for both the multiple-interferer and nearest-interferer cases. As can be seen, the

multiple-interferer Monte Carlo results agree closely with the closed form CDF as would
be expected. The nearest-interferer CDF matches closely only at for lower carrier-to-

NETEX System-Level UWB Interference Analysis



11 August 2003

-14 -

Contract MDA972-02-C-0056

interference ratios (high interference), which is consistent with Figure 1-4. However, as
will become clear, it is this region of the CDF that normally is of most interest.

Applying the normalization factor C,, = aP, (7p, ) PX . Slves:

Pr(i <A

UWB

99.99
99.9
99
=
o
)
5 90
o
< 70
V
g 50
S}
~N
\g 30
S
St
a9

ab,

2
jzl—exp —ﬁpa(A jyl“[l—zJ y>2
Cnb Y

(1-24)

ooooooooooooo

y=2.5
y=3
y=3.5
y=4

Monte Carlo, y=3,

multiple interferers

Monte Carlo, y=3
nearest interferer

Pr[c”b<A]:1exp [AJVF[IZJ y>2 1 |
Ly X e

20

Figure 1-5: CDF of the carrier-to-interference ratio

1.5.1. Complementary CDF of the Bit Error Rate

For a digital communications system, the CDF of the bit error probability is of interest,
and can be easily found from this expression. For example, consider a binary FSK NB
system with non-coherent detection, for which the bit error probability (assuming the two
signal frequencies are orthogonal with non-coherent detection) is given by:

NETEX

1 B
Pb =_¢ 2N,
2

(1-25)
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where E, is the received energy per bit and N, /2 is the two-sided noise power spectral
density. Assuming that the UWB interference appears noise-like and assuming that

E,/N,=C,, /1, (trueif the NB system noise bandwidth is equal to the bit rate), then
it C,/I

uwb

1 I
=A and P, = Ee‘m as shown in Figure 1-6.

100;----.----.---..........................
10‘1é
10'2é
10'3é
10‘4é

10% L

P
bit error probability for non-coherent FSK

10 E

10-7-11||I||||I||||I||||I||||I||||I||||I| L
0 2 4 6 8 10 12 14 16

10 log A
carrier-to-interference ratio (dB)

Figure 1-6: Bit error probability for non-coherently detected FSK (orthogonal symbols)

This relationship can be combined with (1-23) to give the CDF of the bit error
probability. Letting B, = P and A =-2 ln(ZP) , the complementary CDF of the bit error

probability is:

Pr(P, > P)= Pr[ S« 1n(2p)j

UWB

(1-26)

X |

nb

F(l—gj, y>2, 0<P<05
/4

or
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2
—2In(2P)- r
Pr(P, > P)=1—exp —ﬂp{ n(g)“RX}yr(l—gJ, y>2, 0<P<05 (1-27)
nb 7

90 T T T T T T T

Pr (P,> P), percent
CDF of bit error probability

10 1 1 1 1 1 1 1
108 107 106 105 104 103 102 101

P

Figure 1-7: Complementary CDF of the bit error probability for X,, =20 dB

30

20

-
o

Pr (P,>P), percent
()]

CDF of bit error probability

1 1 1 1 1 1 1 1

108 107 106 10° 104 103 1072 10
P

Figure 1-8: Complementary CDF of the bit error probability for X » =30dB
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1.5.2. Low Outage Probability Approximation

The probability Pr(Cnb [ ys < A) can be regarded as an “outage” probability (the
probability that the bit error rate exceeds some threshold, or the probability that the
baseband signal-to-noise ratio is below some threshold). Accordingly, the notation
P = Pr(Cnb [ s < A) will be used. Typically it will be of interest to keep this outage

out

probability low (e.g., in the range of 1% to 10%), with the target value depending on the
specifics of the applications supported by the narrowband radios. Figure 1-9 shows P,

Vs. 1010g()?nb/A) for 0.01<P,, <0.1.

50
45 SN —_— 25|
\\\ _——— y=3

40 N ~No y=3.5 1
. i SN || m———— y=4 ]
X, . REN
n (dB) | \\
A B~ >N

35 F >~ ~ ]

P

out

outage probability (percent)
Figure 1-9: Required X, / A to achieve a given outage probability for low outage

In the low outage range, (1-17) can be approximated by recognizing that

P, =-In(1-P,,) for P, <<1, giving
>
P = (_ijy F(l —3] P <<1, (1-28)
an }/

which is useful because it allows any of the parameters to be used as the independent
variable. For example, the normalized local mean signal power required at the
narrowband receiver to achieve an outage probability of P, , is

ut
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N R

X, = A{M} P, <<l, (1-29)

P out

out

Hence, in terms of the curves in Figure 1-9,
lOlog(%j = Sy[logr(l —g] —log PM} (1-30)
7

Figure 1-10 shows the approximation of (1-30) compared to the exact expression of
(1-23); agreement is excellent over the range of interest.
Figure 1-11 shows the required X, /A vs. y for different values of P _,, using (1-30).

out >

50
y=2.5
45:\\ —_——— - y=3 ]
e y=3.5
L \\\ ------ y=4
40 - S Approximations ]
X,
L (dB
() |
35
30 |
25|
201

out

outage probability (percent)

Figure 1-10: X, / A vs. outage probability with low-outage approximations
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o777 T

50

40

X,
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30

20

10 i L L L L 1 L L L L 1 L L L L L L L L L L L L L L L
2.0 25 3.0 35 4.0 4.5 5.0

path loss exponent

Figure 1-11: X, / A vs. y for different outage probabilities

1.6. QOutage Probability with an Interference Exclusion Zone

Suppose that by some means, an exclusion zone of radius d;, centered on the
narrowband receiver can be ensured; that is, there will be no UWB transmitters within
d_. meters of the NB receiver, as illustrated in Figure 1-12.

min

narrowband receiver

exclusion zone
(no UWB transmitters
within this area)

Figure 1-12: [llustration of the UWB transmitter exclusion zone concept
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The area of this exclusion zone is 7zd?>. , and it is useful to define

n,=p,md, (1-31)

min

which is the average number of active UWB transmitters that would have been within this
area without the exclusion.

1.6.1. CDF of'the CIR with an Exclusion Zone
As in the previous case,

Pr(ﬁ«\) =1—q>z[—_ij (1-32)
]UWB Xl’lb

As shown in the Annex to this Chapter, with the exclusion zone the characteristic
function of the normalized aggregate interference is

®,(-¢)= exp[nx(l —enin” )— Eyli-v,en )] (1-33)
where

7(a,x)= je-ft“-ldt (1-34)

0

is the incomplete Gamma function (not to be confused with the path loss exponent y ).

The outage probability then becomes:

A v
C _Tn;l/v
P, =Pr( i <A]=1—exp n|l—e *» —(_LJ y(l—v,_An;l/Vj (1-35)
[uwb an th

Figure 1-13 shows y(a,x) for a=1-y/2 where y is the path loss exponent (2.5, 3.0,

3.5, and 4.0). Note that the asymptotic value is lim y(a, x) = I'(a) as would be expected.
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7 (a, x)
Incomplete Gamma Function

Figure 1-13: The incomplete Gamma function for values of a corresponding to the path
loss exponents 2.5, 3.0, 3.5, and 4.0.

Figure 1-14 shows the CDF Pr(C,, /I,,,; < A) with an exclusion zone for n, =1, for the
usual values of the path loss exponent . Also shown are Monte Carlo results for y =3

for comparison, and the single-interferer CDF (also with the exclusion zone). With the
exclusion zone, the nearest-interferer approximation begins to lose accuracy, because the
total interference power is more often the sum of nearly equal contributions from several
sources, rather than from a single dominant (nearby) interferer.

As for the non-exclusion case above, Figure 1-15 shows the value of X, /A required to
achieve a given outage probability with n_=1, for outage probabilities ranging from 1%

to 10%, and Figure 1-16 shows a similar set of curves for n_=2.

NETEX System-Level UWB Interference Analysis



11 August 2003 -22 - Contract MDA972-02-C-0056

9999 T T T T f T /
- =1.0 4
99.9 | y=25 n=1 £ 1
_—— y=3 /- /
99 - r=35 : ,/ .
- || T" r=4 £/
= .
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Figure 1-14: CDF of the carrier-to-interference ratio with an exclusion zone of n, =1.
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Figure 1-15: Required X, /A to achieve a given outage probability for low outage with

an exclusion zone, n_=1.
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Figure 1-16: Required X, / A to achieve a given outage probability for low outage with

an exclusion zone, n_ =2.

1.6.2. OQOutage Probability Approximation with an Exclusion Zone
It is useful to develop an approximation for (1-35) that is invertible, so that the required
X, / A can be expressed as a functionof P ,, n_,and y.

out ?

, X Ay,
In the range of interest, T”b >>1,sounless n, <<1, —n_" <<1 and
nb

l—e ;yin-”v (1-36)

The incomplete Gamma function ;/(a, x) can be approximated over a limited range of x
by using the function (see e.g., [6] p. 260, eq. 6.5.4)

y"(a,x)= (a)y(a,x) (1-37)
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which is shown in Figure 1-17, for values of a =1-2/y corresponding to the usual
values of the path loss exponent y . In the range of small x of interest here,

7*(a, x) = 1.1, so the incomplete Gamma function can be approximated as

]/(a,x);l.lxxar(a) (1-38)
Using this approximation, as well as that of (1-36) and In(1- P, )= -P,, for P, <<1
gives
ALY A v A
Pnut = [)—(_J llx[)?_ n;l/v} 1_‘(1—1/)—_y njlc—l/v
nb nb b (1-39)
— 1-1/v
=——n 1.1xI'll—v)-1
th ' [ ( ) ]
or
_ {1 1x F(l - 2j _ 1}
S - . (1-40)
A P,
1.2 . . |
—
\\
or S _
S R S ————
= 08r S — N
Q \\\\\\
3 -~z
A a=02 -
i —— — a=0333
§ 0.4 a=0.4286 |
S a=0.5
0.2+ |
0.0 ! | .
0.0 05 10 15 "
Figure 1-17
for low x.
NETEX

X

: The function y" (a, x) used to approximate the incomplete Gamma function
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Figure 1-18 shows X,, /A vs. P,, for n, =1 using both the exact formulation of (1-35)
and the approximation of (1-40). As can be seen, agreement is excellent in this case.
Figure 1-19 and Figure 1-20 show the same comparison for n, =0.1 and n_ =5,
respectively and agreement is excellent in both of these cases as well. Agreement is not

as good, especially for the higher values of y, in Figure 1-21, which shows the
-7/2

valid. For example, with y =4, n;””*> =10,000, so even with X, /A =10,000 (40 dB),

A/ X, n’ /2 = 1. However, the approximation appears satisfactory for n, 20.1, which is

comparison for n, = 0.01. This is because the assumption A/X,, n,”’* <<1 is no longer

more than adequate for the purposes of this analysis.

Of interest is the tradeoff between the size of the exclusion zone and the reduction in the
required carrier power required by the narrowband receiver. Using the approximation of

(1-40), the required value of X, /A can be shown as a function of n,, as in Figure 1-22.

30
25
20}
X b
1 (dB
A (dB) L
15
10 |
: .............. y= 2.5 approx 1
5 || ceceeeceececes y= 3 approx ]
[ 7=3.5 approx -
: .............. y= 4 approx
1 2 3 4 5 6 7 8 9 10

P

out

outage probability (percent)

Figure 1-18: Required X, / A to achieve a given outage probability for low outage with

an exclusion zone, n_ =1 and approximations from (1-40).

NETEX System-Level UWB Interference Analysis



11 August 2003 -26 - Contract MDA972-02-C-0056
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5 : .............. 7: 3 approx _-
L 7=3.5 approx i

: oooooooooooooo }/: 4 approx

1 2 3 4 5 6 7 8 9 10
out
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Figure 1-19: Required X, / A to achieve a given outage probability for low outage with

an exclusion zone, n_ = 0.1 and approximations from (1-40).
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Figure 1-20: Required X b / A to achieve a given outage probability for low outage with

an exclusion zone, n_ =15 and approximations from (1-40).
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Figure 1-21: Required X, / A to achieve a given outage probability for low outage with
an exclusion zone, n, =0.01 and approximations from (1-40), plus Monte Carlo results
for y=4.
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Figure 1-22: Normalized local mean receive NB carrier power vs. the average number
of inhibited UWB transmitters in the exclusion zone.
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1.6.3. Average Aggregate Interference with an Exclusion Zone
As shown in Chapter 3 of [2], eq. (3-5), the average interference is

] — ] ﬂdriinpa n

j— X

1-41
max 7/2_1 max 7//2_1 ( )

where [, =aP d_ ;i.e., the interference from a transmitter just at the exclusion zone

boundary. With the normalization Z =/ / aP, (np, Y ”*, the average normalized
interference power is

= n 1 n
7 =7 — = :
max 7//2_1 ﬂpad;in /2 }//2_1
) ( y (1-42)
n,
S y/2-1

As can be seen from Table 1 and Figure 1-23, for y in the range of interest here,

1.1xr(1—3}1;#.
4 7/2-1

Table 1
’ : 1.1xI7 1 1
AxT1-—1|—
2.5 4.0 4.05
3 2.0 1.95
3.5 1.33 1.28
4 1.0 0.95
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path loss exponent

Figure 1-23: Comparison of coefficient approximations for the case with an exclusion
zone

This leads to the approximation

v 1-y/2 —~
Xpo M’ Z (1-43)
A (y/2-1P, P

out

This is an intuitively appealing form, because for a Rayleigh-faded carrier in the presence
of interference level Z ,

P, =Py, X, <AZ)= Pr(vm < ;\_(—ZJ

ou
nb

=1- GXP[— %J (1-44)

nb

>
N

~

for P . <<1,

out

ol

nb

which yields (1-43). Moreover, the factor 1/P,, corresponds to the fade margin imposed
by the multipath variations. That is, the local mean signal must be 1/P,, times the target
value to ensure that the fading signal remains about the target with probability 1— P,

out *
For example, if P,, =0.02 (2%), then the fade margin is 20log(l/P,,)=17 dB.

ut
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1.7. Outage Probability with UWB Interference Plus Noise

In general, the victim receiver will be subject to thermal noise as well as the UWB
interference. The thermal noise is relatively constant, whereas the UWB interference
fluctuates as the individual UWB transmitters turn on and off.

If the effect of thermal noise is included, the outage probability can be expressed as:

P, = Pr[% < Aj (1-45)
IUWB + Nnb

It is worth recalling that for a given performance level (e.g., bit error rate, baseband
signal-to-noise ratio), the threshold A will in general depend on [, /N,, as well as the

characteristics of the UWB interference into the NB receiver detector/demodulator. For
purposes of this discussion, however, it is assumed that the UWB interference affects the
receiver in the same way as Gaussian noise with the same average power over the NB
receiver passband.

Defining a normalized noise level as

N b
__ Ny 146
" P ()" (1-40)

(1-45) becomes

X
P, = Pr[—”b < AJ
Z+n

= Pr(vm < )_? (Z + 77)}

nb

(1-47)

Following (1-17)-(1-23), for the no-exclusion zone case this becomes:
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A
-—7
— - o q)2£_ A ] (1-48)
A

which, for P, <<1, can be approximated as:
2y
P, ;n_i+{_ij F(l—g], P, <<l (1-49)
an an Y

If an exclusion zone is assumed and thermal noise is included, the general form of (1-48)
still holds, but the characteristic function of the normalized aggregate interference is
given by (1-33), repeated here for convenience:

@, (- &)=expln, (1" )71 -v.en)| (1-33)
so that the outage probability is:

A
P —l-e X,,b”q,z(__Aj

_AW;I/V v
=1-exp —77_A +n|l-e - _A ;/l—v,_A n
an an an

which, using the usual approximation P,, = —In(1-P,,) for P,, <<1 can be

(1-50)

approximated as:
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v 1-v
gm;n_A_n,_Anm(_AJ .1.1(;,1;@ H(i-v)
5 X

an an ' Xn nb
:n_i—_Lni_l/v _Lni_l/"-l.lxl"(l—v)
an an an
;n_A oD i ! (1-51)
an an ?//2_1
A N ni_l/"
ynb 77 ?//2_1
A -
== +Z
an (77 )

Thus,

an;M P, <<1 (1-52)
P

which is not a surprising result.

1.8. Outage Probability Addition
Note that with noise only, the outage probability is

out

A
) :P{%<A]:1—e ' (1-53)
=0 N

nb

Thus, in both (1-48) and (1-50),

1-P, = Pr(% > AJ = Pr(% > Aj x Pr[lc—”b > A]
+ n
UWB nb b UWB (1_54)

This is a consequence of the PDF of the Rayleigh fade factor v, , since if W and Y are

independent non-negative (i.e., representing power) random variables with respective
PDFs f, (w) and f,(y), and a and b are positive constants, then
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Pr(v, <aW +bY)=1- {}[8 aw+bny w)fy (v)dwdy (1-55)

=1-®, (-a)®,(-b)

Note that in the development presented here, @ = b. However, this does not need to be
the case, and different outage threshold can be used for the noise and interference to
reflect the differences in impact that can occur between thermal noise and UWB
interference. That is, the outage probability could be defined as

P

out

= Pr(cnb <Aylyyp + ANNnb)

=Pr|v, < éU Z+ /lN n (1-56)
an an

Ay
Ay ) g
zl—q)z[——)?l] Je Koo
nb

It is useful to define

Pouz,u = Pr(Cnb < AUIUWB): Pr(vm < éU Zj =1= (DZ(_ )/%U ) (1-57)
nb

A
A &
Pout,N = Pr(Cnb < ANNnb): Pr(vm <AY_N77J :l_e o (1_58)

and

B)ut ( out U xl out N) out,U + Pout N B)ut,U : Pout,N

(1-59)
Paut U + B)ul N R)ut,U << 1 R)ut N << 1
Clearly, for the low outage region, this may be approximated as
I)out — T out,U +PoutN f Rmt,U <<1 and B)ul,N <<1 (1_60)
which agrees with the approximations of (1-49) and (1-51), with
= Dol ANy, (1-61)

out,N =
X nb Cnb
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and

2 )
[1 - —j no exclusion
<<1 (1-62)

out U

A with exclusion

As will be seen in the next section, this division of the outage probability into noise and
interference components will facilitate the analysis of UWB/NB coexistence tradeoffs.

1.9. Coexistence Conditions and Tradeoffs
Whether it is appropriate to use different values for A, and A, will depend on the

nature of the UWB interference as well as the detector/demodulator processing in the NB
receiver. In general, the value of A will depend on 1, /N,, as well as the UWB pulse
rate relative to the victim receiver channel bandwidth. For the present, it is assumed that
the UWB interference appears noise-like to the NB receiver and, accordingly, only a
single value of A is used, and it independent of 7, /N, .

The goal of this analysis is to apply to results derived above to develop the relationships
between P_and p,, and in the case of the exclusion zone, d . and n_. It is assumed

n

that P, is specified (as a receiver performance objective) and P, is known, and

out

therefore the maximum permissible value of P, ., is known.

out U

1.9.1. Case 1: No Exclusion Zone

Without an exclusion zone, the UWB interference component of the outage probability is

2ly
P.,u= [_A] F(l—gj P.u <<1 (1-63)
an ]/
Hence,
7/2
X, = A{M} P, <<l (1-64)
Pout,U
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Applying the normalization factor gives:

ri-2/,)1"
Cop =abulzp, )" A[%} (1-65)

out U

Dividing both sides by N,, and rearranging gives:

— /2
aRx py/2 — Cn[; B)ut,U g
zl’ )

Nnb ‘ ANnb (1_2/7/ (1-66)

_ 1 |: B)ut,U :|;//2
Py [ 2T(1=2/7)

Given the outage specifications, the term on the right-hand side is constant, so (1-66)
specifies a tradeoff between P,_, the UWB transmit power that falls within the NB

receiver passband, and p,, the average density of active (transmitting) UWB devices.
That is,

LN (1-67)

a nx
nb

where K, _1is the right-hand side of (1-66).

1.9.2. Case 2: With an Exclusion Zone

With an exclusion zone encompassing an area within which there normally would be 7_
active UWB transmitters, the interference component of the outage probability is:

AZ A nt7?
out,U == == nx ljoutU <<1 (1_68)
’ an an 7//2 _1 ’

Applying the normalization factor gives:

AN n'7"?
P = mop (g VP P o] 1-69
out,U Cnb tx( pa ) 7/2 _ 1 out,U ( )
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AN,,

With P, =

out, N —
Cnb

o prl? =yt Loww 7121 (1-70)
Nnb ) Pnut,N 7[7

7/2

Thus, if n_ is specified, then P_p/’~ is a constant as in the previous case.

An alternative form can be used, substituting n, = 7p d_. , giving:

P —
aPtx pa ~ dlil_l;nz out U 7/2 1 (1-71)
Nnb B)ut,N 4

where now it is d . rather than n_ that is specified, and P_p, is a constant.

1.10. Examples

1.10.1. Case 1: No Exclusion Zone
Assume that P, =P, , =0.05, y =3, and & =107, which corresponds to the free-

0

space path loss at 1 meter for 2.4 GHz. In this case, the constant for the no-exclusion
case is:

P

out ,N

1 |: B)ut,U

7/2
7Z'F(I ~ 2/7)} =0.0092 (1-72)

Assume the UWB effective isotropic radiated power spectral density (EIPSD) within the
NB receiver passband is —43 dBm/MHz, consistent with the current FCC in-band UWB
limit, and that the NB receiver noise figure is 8 dB, in which case:

1010g%=—40—43+114—8=23dB (1-73)

nb

or a factor of 200. Hence,

a

(0.0092

2/3
200 j =0.0013 active UWB transmitters/m* (1-74)
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or roughly one active device in every 28 x 28 m square, on average.

1.10.2. Case 2a: Exclusion Zone with ny Specified

Using the same assumptions as above, the constant in (1-70) is

P _
M&/zlzo_og (1-75)
Pout,N 72-}/
and
0.09 . "
p, = {% n’! 2‘1} =0.006x n"* active UWB transmitters/m’ (1-76)

Note that if n_=0.01, then p, is the same as the non-exclusion zone case (although the

approximations used for the exclusion zone case become inaccurate for such low values
of n ).

It is evident that even a small exclusion zone (e.g., n, =1) significantly increases the
allowable UWB active device density. With p, =0.006 and n_ =1, the exclusion

distance d_ . 1s about 7.3 meters. The probability that without the exclusion, there would

have been at least one active UWB transmitter within this distance is 1 —e "™, or for
n.=1,63%.

1.10.3. Case 2b: Exclusion Zone with dy;, Specified

In this case, the constant is:

P —
ww V/12=1 06 (1-77)
B)ut,N T
and
0.16
=——d”?=0.0008d" > 1-78
pa 200 min min ( )
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or in this case, with y =3, p =0.00084 . . If d . = 7.3 meters, then p, =0.006,
consistent with the example of case 2a above. To give p, =0.0013, d_. =1.625 meters,
corresponding to n, = 0.01, but again, in this region, the approximations used for the
exclusion zone case are not as accurate as for higher value of n_ (2 0.1).

Figure 1-24 shows p, vs. d,, assuming that P =-43 dBm/MHz within the NB

receiver passband. Figure 1-25 shows p, vs. P for d , =35 meters, and Figure 1-26

n

shown p, vs. P_ for d_; =10 meters. Figure 1-27 shows p, vs. P_for d_, =5
meters on a logarithmic scale (otherwise the same as Figure 1-25).

_ 0.08 —— T 7 T T T 7 T -//
g = 25 Poul,U:Pout,N /
§ —— — =3 P =—43 dBm/MHz EIRP /
'5 y=3.5 8-dB NB receiver noise figure //
S 006 | —————— y= Y i
% /
£ /
: /
< 8 /7

Q. & 0.04F / i

% /7
/
- /7
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Figure 1-24: UWRB transmitter density vs. exclusion zone radius for —43 dBm/MHz
transmit power
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Figure 1-27: UWB density vs. transmit power for a 5-meter exclusion zone, log scale.

1.11. The UWB Network Perspective

It is also useful to understand the power vs. density tradeoff from the perspective of the
UWRB devices, to provide some guidance for UWB network design strategies to
minimized interference with narrowband systems.

Consider a UWB network with spatial device density p, and average active transmitter
density p, = ap, , where a is the average transmit duty cycle. If d, is the distance
between a UWB transmitter and the target UWB receiver, and y, is the path loss

exponent as seen by the UWB link, then the required UWB transmit power is
proportional to d/* and therefore

B, =pd}) (1-79)

where the constant # depends on a number of factors, including the required power at

the UWB receiver, the fraction of the UWB power that falls within the NB victim
receiver passband, antenna characteristics, etc.

It is assumed here that the UWB transmission is directed to the nearest neighbor node,
and the distance between the transmitter and receiver is denoted d If UWB devices

umin *
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are randomly-distributed spatially, then d,_. must be modeled as a random variable. To

umin

understand the statistics of P, , the PDF of d,, 1s needed.

umin

The probability that there are no UWB devices within distance » of the UWB transmitter
is

Pr(d, > 7)=e " (1-80)
The PDF of d,,,, is therefore
d =P, 727‘2 =P, 717”2
fop )= =2rp,re (1-81)
umin dr
The average value of d, . is
ymin = jrf () = —— (1-82)
0 2 pu

and the average value of P,

x?

assuming just enough UWB power is transmitted to meet
the link requirement, is

o0
— 2
P = 2,Bpu7r.[ry"”e P dr
0

(1-83)
= ﬂ-r(ﬁﬂj(ﬂ L)
2
Hence, it can be generally stated that
P.=K,p"" (1-84)

where K, is a constant that depends on £ and the other constants in (1-83) as well as

statistical margin factors related to the way in which the UWB network manages its
transmit power, routing, etc. If the UWB devices are close together and free-space

propagation applies (7, =2), then P, =K, /p, .
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Note that this general formulation applies not only to UWB communication links but also
to UWB radar nets. In that case, d,_. would be the distance from the target to the

nearest UWB transmitter.

umin

If it is required that P_p, = K, for constant interference impact on the NB receiver,
where K, is a constant, then P _ap, = K,, and with (1-84),

K

1-y,/2 _ nb
4 _Ky -85
Pu K (1-85)

or

K b 7./2-1
a="Lab 1-86
2 P (1-86)

Thus, the UWB duty cycle is either independent of p, (for y, =2), or increases mildly

with increasing p, .

If, on the other hand, P, p/”* = K’, , which applies to the case of an exclusion zone with a
fixed n_, then P (ap, ) =K', , and

nb >

K’b Yul7-1
a=—"=1-p 1-87
K Pu ( )

u

and a is independent of p, (for y, = y), or changes mildly with p, if y, #y.
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1.12. Annex to Chapter 1: The Characteristic Function of Combined
Interference Power from Multiple Randomly-Distributed UWB
Transmitters Outside an Exclusion Zone

This Appendix extends some of the analysis in Appendix 3A of [2] to account for an
“exclusion zone” surrounding the victim receiver, within which there will be no
interfering transmitters. Some of the material in that appendix is reproduced here for
completeness. The model is illustrated in Figure A-1. The victim receiver is at the center

of a disc described by an inner circle of radius /n_ and an outer circle of radius
K +n_,so the total area is 7K . The average density of active interfering transmitters

is assumed to be 1/, so the average (expected) number of active transmitters within the
disc (between the inner and outer radii) is K.

g

exclusion zone

Figure A-1: Model geometry

Assuming that interfering transmitters are randomly-distributed over area in a uniform
fashion, the actual number of active interfering transmitters within the circle at a given
time can be modeled as a Poisson-distributed random variable J with discrete probability
density function (PDF):

P,(k)=Pr{J =k} = (1)
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where the notation Pr{-} represents the probability of the indicated event. The
normalized power received at the base station from the Kt interfering transmitter a

normalized distance s, away fromitis z, =s,”. The total power received from
interfering transmitters within the disc is:

J
Zy=>z. ()
k=1
With interferers that are randomly distributed over area, the pdf of s, 1s:

fsk(s):z—;, Jn <s<n +K. (3)

Hence, the pdf of z; is:

f. (z):—z_(“z)”, (K+nx)77/2 <z<n"? 4

The characteristic function of Z, 1is:

@, ()= Bl )= [ £, (:¥5dz. 5)

which is the Fourier transform of f, (z). The lower limit is O rather than — oo in this

case because Z, represents power and therefore is non-negative.

Assuming the {zk } are independent and identically-distributed (i.i.d.), (2) and (5) yield:

®, (&) = E{exp(é‘; zkﬂ = (Ble=]) . 6)

Taking the expectation over J using (1) gives:

0, ©O=3"5o, @) =ewlklo. )-1]. @

n=0 n'

Thus, Z, has a compound Poisson distribution [3]. Using (4) and letting v =2/y , the
characteristic function of z, is:
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v

jz’l’vefzdz . (8)

(K+n, 7V

©. ()= 1, (lrar=

The “second characteristic function” of Z, is defined as the natural logarithm of the
characteristic function [4], which in this case is:

lIIZK (é) =In o, (5) = K[(DZK (65) - 1] = [V "‘]» ZlvefdeJ -K. 9)
(K+n, 7V

Integrating by parts gives

n—l/v

7, (€)==

(K+nx )7l/v

n
+§[ Jz’vefzdz -K
(

K+n, )71/‘/

X

n;l/
=(K +n, Jes Ko™y o K .[ZvefdeJ (10)

(K+nx )’l/v

n
— K(ef(Kﬁ-nx)’l/v _ 1)+ n, (ef(Kﬁ-nX)’l/v _ efn;l/v )-l— é:{ J.Zvefzdzl

(K+n, )V

With Z = lim Z ., the first term goes to zero since lim e**™" —1=&(K +n )" and

K- K—o0

with & bounded, 11<im KEK+n )" = Il{im EK'™V" =0 for v <1 (y>2). Hence,

n;l/v
¥, (€)= lim¥, (§)=n, (1" o [zred (11)
0

For the problem considered here, ‘¥, (— & ) (where & > 0) is of specific interest:

nitv
V) =nfi-e ) [
0

(12)
=n, (1 —etn )— g”}/(l -v,é n;l/v)
where (a,x)= Ie" t*'dt is the incomplete Gamma function [6], and
0
@, (-&)=expli-e ¥ ) 7fi-v,en) (13)
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Chapter 2: Effect of UWB Interference on CW Radar
Receivers

2.1. Introduction

Frequency modulated (FM) continuous wave (CW) radar and its variants have been
important in the development of radar systems due to the simplicity of implementation
afforded by these techniques. CW (unmodulated) radar has been used to easily measure
the Doppler spread of moving targets without velocity ambiguity at virtually any range.
Another advantage of CW radar is its ability to generate an average power with unity
peak-to-average power ratio, thus easing the burden on the transmit power amplifier and
enabling use of high-efficiency amplification techniques. However, CW radar without
modulation is incapable of measuring range. In order to accommodate range
measurement, frequency modulation (FM) in many forms (linear, sinusoidal, pulsed
linear, coded) can be added. Some of the earliest radar devices to use FW-CW
techniques were altimeters. Two early examples of radar altimeters that employed linear
FM techniques are the Bendix ALA-52A and the Collins ALT-55 that are used on smaller
aircraft.

This chapter analyzes the impact of pulsed UWB interference on the performance of a
CW FM radar altimeter. It is assumed that the UWB pulse rate is less than or equal to the
IF bandwidth of the radar receiver. The rms altitude estimation error is computed as a
function of the carrier-to-interference ratio, where the interference is the average UWB
interference power within the receiver IF passband.

2.2. CW Radar Operation

Continuous wave (CW) frequency modulated radar operates by modulating the phase of a
sinusoidal carrier and then comparing the phases of the transmitted reference signal and
the return echo signal. If we assume the transmitted frequency increases linearly with
time, called linear FM, the reflected signal will also have a frequency that increases
linearly with time, but delayed by an amount proportional to the target distance. The
transmitted and received frequency profiles are shown in Figure 2-1 along with a time-
domain plot of the transmitted up-chirp signal.
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° Tx 7 Rx | . B
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Figure 2-1: Frequency versus time relation for transmitted and reflected signal of CW
LFM radar (up-chirp section).

The distance to the target can be found by mixing a reference copy of the transmitted
signal with the received signal and measuring the resulting beat frequency f,, which is
proportional to the round trip distance to the target. This basic up-chirp waveform can be
transmitted in a pulsed manner with duty cycle from 100% (sawtooth frequency versus
time waveform) down to a small percentage to conserve transmitted power. An up-chirp
waveform can be concatenated with a down-chirp waveform to give a triangular
frequency versus time waveform with 100% duty cycle.

In order to measure the beat frequency during a time when the transmitter is on, two
antennas can be used, one for transmit, one for receive. A block diagram of a simple
FM-CW radar system similar to one given in [3] is shown in Figure 2-2. The transmit
feed-through path can be accomplished with controlled coupling from transmit to receive
antenna, or with a directional coupler.

EM Tx Modulating

Signal

) Limiter/ )
/ é {>—> IF filter  f— = i him » BB filter

Figure 2-2: Simplified block diagram of FM radar system.
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The expression for the RF transmitted chirp signal as given in [4] is (assuming we
examine a single chirp pulse)

5,(t)= Re{A X rect(%jej 2l 5”'”([))} , (2-1)

with the complex baseband equivalent
_ 4 _/'27ra(t)
s(t)= Axrect| — |e . (2-2)
T

The “rect” function is defined here as

T T
rect(ij _1 ) st= 9. (2-3)
v 0 elsewhere

For a linearly modulated FM (as shown in Figure 2-1), the phase function becomes
a(t)= mut’® (2-4)

with z = B/z. The spectrum of the baseband equivalent signal can be computed using

7/2
S(w)=4 [e™ e dt, (2-5)

-7/2

and can be evaluated either through numerical integration or use of the Fresnel integrals
C(x) and S(x), that are defined as follows
cos[”§ ]Jg (2-6)

o
afel g

The baseband spectrum of the linear FM chirp is now

,0)2‘[

S(w)= 4,5 {[Cla)+ Cla, )|+ jIS(a )+ S(a, )} (2-8)

with
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Y= /§(£+ﬁ) Y= /ﬁ[i_ﬂj (2-9)
" Nel\2 2z8) P N \2 2zB)

This baseband spectrum of a linear FM chirp is shown in Figure 2-3. The bandwidth of
this system with 30 MHz frequency deviation is approximately 30 MHz.

: / L i s \\
S@ / \

- \

-12

-14

-16

1850 -100 -50 0 50 100 150
®x 10°

Figure 2-3: Normalized spectrum of a linear FM chirp with frequency deviation
B=30 MHz and pulse width =10 us.

2.3. Effects of Pulsed UWB Interference on CW FM Radar

It is assumed here that the interferer is present during the period of processing, which in
this case is the entire pulse transmission period 7. It is also assumed that the round trip
path delay Az is small compared with the total pulse period 7.

2.3.1. System and Interference Model

As was done in Chapter 5 of [2], the receive chain will be modeled as a filter with a
bandwidth equal to that of the narrowest IF filter, but a center frequency equal to the
carrier frequency f,. The frequency conversion (mixing) occurs in this model at the

filter output as shown in Figure 2-4. If the narrowest IF has a baseband-equivalent
transfer function of H ( f ), then the IF-equivalent channel filter in Figure 2-4 has a

transfer function of Heq(f)=Hl.f(f—f0)+ H;,(—f—fo).
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transmitted LFM signal

received LFM signal l
IF-equivalent | limiter/ , baseband
UWB pulse s channel filter @ discriminator 1 filter

Figure 2-4: Equivalent receiver model for analysis.

When a UWB signal with pulse repetition frequency (PRF) much less than the IF
bandwidth passes through the filter, each pulse excites the impulse response of the filter
and the effect of each pulse is independent of the next. The filter output (mixer input) for
a single UWB pulse can be expressed as [1]

g,(6)=Re{ 2P(f, |, (¢ - T, ) B Tbw B} (2-10)

where 7, is the arrival time of the K™ pulse, P( f ) = |P( f )ej v() is the Fourier transform
of the UWB pulse waveform, and 4, (¢) is the baseband equivalent response of the IF

filter. It should be noted that 4, (¢) is in general complex; i.e. hy, (t)= ‘hif (tXej °) which

represents the complex envelope of the impulse response.

Letting S, (t) = l//( fo)— 2nf T, + go(t -T, ), the IF response to the A" pulse can be written
as:

gk(t): 2|P(f0]‘htf(t —TkXCOS[27;f0t + ﬂk(t)] (2-11)

In the specific case considered here (the n-pole filter), ¢(z)= 0 and hy (¢) is real, so

B.t)= B, =w(f,)-24f,T,;ie., B, depends only on the pulse arrival time but does not
vary over the filter response interval.

2.3.2. Discriminator Output

The UWB pulse interference at the discriminator input can be written generically as a
noise term with time varying phase and amplitude

n(t) = Relp(t)e L7+ | (2-12)

The total signal with both desired LFM and pulsed interference (during a period while the
chirped radar signal is on and the interferer is present) is expressed as

(1) =s(t)+nl(r)= Re{eﬂ%’ [4e70) 4 b(t)e 0] } (2-13)
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Combining the two exponential terms into a single equivalent exponential term with an
equivalent amplitude and phase as was done in [1] gives

Ht)=c(t)Refe™e] | —rj2<1<2/2 (2-14)

with amplitude

c(t)= A2 +b(t) +24b(t)cos(0 - ¢) (2-15)

and phase

e | 00050
0= | i 10

Assuming an ideal frequency discriminator as the detector in the radar system, the
receiver response is obtained by differentiating the phase (dropping all of the explicit
time dependencies), giving:

% g ga Absin(0— §)+ (6 —2¢5)[b + Acos(6 - 4] (2-17)
C

A simple n-pole filter will be assumed for the IF filter in the radar system, and the filter
response will be normalized to have unity bandwidth as was done in [1], and repeated
here for convenience

hy(t)=B,h(B,1), (2-18)
which leads to

h, (6)=B2h,(B,1). (2-19)

The bandwidth of the actual IF front-end filter of the radar is B, and is approximately

the same as the total frequency deviation B of the chirp (assuming B >>1/7).

The normalized unity-bandwidth filter response of the n-pole filter and its first derivative
are

h(t)= e _nl)' " e h(t)=h, (z)(” -1 xj (2-20)
where
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27(n—1) .
151G

We can now write out all of the terms present in the expression of the output of the
frequency discriminator so that we can begin discussing the range error that results from

X =

(2-21)

the presence of a pulsed interferer. The b and b terms in the frequency expression of
Equation 2-17 are the time varying amplitude and the first derivative of the pulsed
interference term, which are

b=2B,|P(f,)n(B,1)  b=2B2|P(f, i (B,1) (2-22)

All that remains in order to apply (2-17) is to find the phase difference term H(Z)— ¢(t)

and its derivative. To do so, the mixing of the desired and interfering signals with the
transmitted signal must be considered. The phase of the transmitted signal and its

derivative are, respectively, a(t)= zut* and c(¢)=27zut . Therefore, with a total two-

way propagation delay of Az, the received phase of the desired signal and its derivative
are:

a(t — At) = mu(t — At) a(t — At)=27u(t — Ar). (2-23)

Both the desired signal and the interference due to the UWB pulse are mixed with the
transmitted signal, which is proportional to cos [27f,¢ + a(¢)]. The received desired signal

is simply a delayed version of this, and is proportional to cos [27;7‘0 (t - At) + a(t - At)].

Multiplying and neglecting the double-frequency term gives the desired signal
component of the discriminator input as:

s(t)= Acoslalt — At)—alt)-24f,At]. (2-24)
The phase of the desired signal component of the discriminator input therefore is

#(t)= alt — At) - alt) - 24f,At
= mu(t — At) — mut® =27, At | (2-25)
= 27utAt + mu(At) — 27f, At
and its derivative is:

t) = —2munt . (2-26)
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Similarly, multiplying the interference term cos [27y"0t + B, (t)] by the transmitted signal
and neglecting the double-frequency term, which is rejected by the IF filter, gives

n(t)=b(t)cos| 4, (r) - a(r)] (2-27)
Thus, the phase of the interference component at the discriminator input is

0(t)= B, (1)-alr), (2-28)

and, assuming the impulse response phase f, (t) is invariant with time, and defining

£(r) = 0(c)— 4¢) gives

E(t)=0(t)- #(t)= B, + 2af, At - a(t - Ar)

(2-29)
= B, +27f, At — mu(t — At)’
By using the definitions in Equations 2-22 through 2-23, and defining the term
A
p=—o (2-30)
2B,|P(f,)
in Equation 2-17 for the received frequency, we obtain the expression
B, h(B,t)sin & — 27u(t — At)h}(B,t)+ ph,(B,t)cos

]}:—27Z'/JA1+p if 1( 4/’) 5 ,Ll( )[1( 4/’) '01( !f) 5] (2_31)

p* +h2(B,t)+ 20k (B,t)cos &
where At is round trip delay to the target.

2.4. RMS Range Error vs. Carrier-to-Interference Ratio
To characterize the effect of interference, and relate it to p as defined in equation 2-30,
we first find the carrier power:

7/2
J"Aeﬂﬁﬂt)

-7/2

2
1 “dt = A? (2-32)

C, =—
27

Assuming the impulse response of the filter decays to zero within the radar pulse interval
7, the energy per pulse of the UWB interferer is
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7/2
1 ()2 2
E, = [[28,[P( Y (8,0 "ar = 28, |P(1,) (2-33)
-7/2
and the total UWB interference power is
2
Ly = R,E, =2R, B, |P(f, ). (2-34)
This makes the carrier to interference ratio
2
cR-——A4 (2-35)
4R B,|P(f,)

Defining N, = R,/B, , pcan be expressed in terms of the carrier-to-interference ratio

R 2 R
P 4 =—"CIR=N,CIR . (2-36)
B, 4B,R |P(f,) By
4 if “tu 0 if

Yo,

Eq. (2-31) represents the output of a discriminator or frequency counter, and the first term
— 27uAt , is the desired signal. Multiplying by the factor — ¢/4zu gives the altitude; i.e.,

C
27muAt - ——="—"=R. 2-37
1 a2 (2-37)

Of interest here is the rms error in the altitude estimate introduced by the UWB signal.
To determine this, it is necessary to account for the effect of any filtering or averaging of
the discriminator output. For purposes of analysis, this effect can be represented by a
baseband filter of bandwidth B, . In reality, the filtering might be provided by a device

such as an analog or digital display, which would be expected to have a time constant
measured in terms of tens or hundreds of milliseconds, since the desired signal (which is
a voltage proportional to the altitude) is a very low-pass process. If the signal from the
altimeter is fed to an autopilot, any high-frequency variations introduce by noise or
interference will be filtered for stability.

At this point, the problem becomes very similar to that of an FM receiver as discussed in
Chapter 6 of [1] and Chapter 3 of this report. The main differences are the linear
frequency modulation format in this case vs. sinusoidal modulation in the other case, and
the bandwidth of the final baseband filter. Using the same approach described in Chapter
3 of this report, a closed-form solution for the rms altitude estimation error can be
developed.
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As in Chapter 6 of [1], let E,, represent the average interference energy out of the

baseband filter per UWB pulse. The average is taken over (1) uniformly-distributed
pulse arrival times relative to the beginning of the chirp, and (2) the phase S, + 27f At,

assumed uniformly-distributed over [0,27].

The normalized version of E,, is
Alp)=22 (2-38)

which can be found numerically by time-sampling a normalized version of the
discriminator output interference time-waveform y — ¢, computing the fast Fourier
transform (FFT), then computing the energy over the baseband bandwidth B,. As shown
in Chapter 3, A(p) can also be found in closed form. In either case, the average
interference power at the output of the baseband filter is

7, =R,BA(p), (2-39)

and the rms interference voltage is e, =,/ p, . The rms range measurement error

rms

therefore is

rms C erms = CT erms = ﬁ NMA p > (2-40)
4z 47B 4

since N, =R,/B and u = B/r.

As shown in Chapter 3, A(p) can be approximated as:

X0

2%(27[)2P (p), logp<0.16
b

— log p>0.16
Yo,

where P, ( p) is the “crossover probability” (the probability that the UWB pulse causes

the phase to undergo a net change of =27 at the discriminator input; see section 3.5 of
this report). An approximation for the crossover probability is derived in section 3.5 for
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the case of sinusoidal modulation. For linear FM as considered here, the approximation
is (see Annex 2A):

(1 —M] log p < -0.51

1
4 1.7

1 /M ~0.51<log p <0.16
4 0.67

Figure 2-5 shows A(p) vs. p using the numerical (FFT-based) approach and the
approximation, for B, =30 MHz, and the agreement is excellent.

(2-42)

N

P,(p)

10 T T T T T T

B =30 MHz
0 B =10 ps ]
3 B,=3 MHz 1

Using FFT
———Approximation

-20

A(p) (dB)

-30

a0l

-40 -30 -20 -10 0
20 log p (dB)

Figure 2-5: Comparison of closed-form approximation and FFT solution for normalized
baseband energy per UWB pulse.

Using the approximation to A( p) , the rms altitude estimation error is:

cT ]\;“%Pxo(p) log p < 0.16

(2-43)

rms 472_# rms 47Z'B rms
log p>0.16
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Figure 2-6 shows ¢, vs. p for t=10us, N, =0.5, B=30MHz, and B, =100 Hz.
Note that for p=0.01 (40dB), ¢, =1.8m.

rms

10 ¢ T T T T

0
2 1E .
] r ]
g ; B =30 MHz 1
8 F =10 ps .
5 B,=100 Hz
9 N,=0.5
g 0.1
é) .
-
001 1 1 1 1
-40 -30 -20 -10 0 10
20 log p (dB)

Figure 2-6: RMS range error with 100 Hz baseband bandwidth and N, =0.5.

Figure 2-7 shows the crossover probability based on the approximation, and also the
value extracted from the numerical (FFT-based) calculations. As can be seen, agreement
is reasonably good. Figure 2-8 shows the rms range error vs. the CIR for several
different values of N, .

Clearly, due to the low-pass nature of the baseband signal being tracked (the aircraft
altitude), isolated UWB pulses (N, <1) do not seem to pose much of a significant threat

to the accuracy of the FM radar altimeter, since most of the interference energy is well
above the passband of the desired signal and easily filtered out.
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Figure 2-7: Crossover probability: approximation and value extracted from FFT
solution.
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Figure 2-8: RMS range error vs. CIR for different values of N, .
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2.5. Conclusions

This chapter has investigated the effect of UWB interference on a CW radar altimeter
using linear FM (chirp) modulation. The scope was limited to cases for which N, <1

(the pulse rate is no greater than the IF bandwidth, which in the examples give here was
assumed to be 30 MHz). The receiver was assumed to be an ideal discriminator followed
by baseband filtering, which may be an integral part of the display or control mechanism
associated with altimeter. The effective baseband bandwidth will be very narrow,
because the process being tracked (the aircraft altitude) is slowly varying, and any high
frequency components at the discriminator output will be due to noise or interference. As
a result, most of the energy at the discriminator output due to the UWB pulse is rejected
by the baseband filtering and the UWB signal has little effect on the altitude estimate.

UWRB signals with pulse rates that are high relative to the IF bandwidth appear as
combinations of CW tones and noise-like components. A CW tone within the IF
passband can cause a DC component at baseband (at the discriminator output) which
cannot be rejected by the baseband filtering. However, CW interference is not unique to
UWRB signals, and any well-designed altimeter receiver should have capabilities for
recognizing and removing the effects of CW interference.
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2.6. Annex 2A: Crossover Probability for Linear FM CW Radar
Receiver with Pulsed UWB Interference

This discussion relies heavily on Chapter 3, and in particular section 3.5. In the case of
the FM CW radar, the UWB signal is mixed with the transmitted LFM signal and it is the
change in £(t)=6(¢)— ¢(¢) that determines whether a crossover occurs. From (2-29),

E(t)= B, + 24, At — zult — At)’ (2A-1)
and defining
A¢ =&(1,)-£(0), (2A-2)

the crossover probability is then

(ag)

P, =—". 2A-3
o = (2A-3)

t,+t

Letting At, =t, —t, and ¢, = %, A& can be written as

A& =2~ (A4 )i, — A1) (2A-4)
Note that ,u(t_1 - At) is the frequency (relative to f; ) of the reflected signal at time ¢, .

For the approximation, it will be assumed that A7 << 7 and Af¢, << 7, where 7 is the total

duration of the chirp. Assuming t , — At to be uniformly-distributed between — /2 and
/2, then

(7 - ad) = % (2A-5)
and
A& = 2zu - (At)- (|, — At]) = ﬁ-ml (2A-6)
2

and the crossover probability is approximately
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Yo 2r 4

(2A-7)

The term BA¢, is the same as the normalized time “ Az in section 3.5, and therefore can
be approximated, for the 4-pole IF filter used here, as a function of p by eq. (3-33), as:

o O3l+logp e o5
1.7
BAt, = _ (2A-8)
‘ Jgig—ggﬁ ~0.51<log p<0.16
0.67
0 log p>0.16
Hence, the crossover probability is roughly:
1 0.51+1log p
—| - log p <—0.51
4( 1.7 j 8
P, (p)= (2A-9)

lJQié:E&B ~0.51<log p<0.16
4\ 067
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Chapter 3: Detailed Analysis of UWB Pulse Effects on a FM
Demodulator

3.1. Introduction and Summary

In Chapter 6 of [1], a sharp threshold effect was observed when pulsed interference is
applied to an FM receiver. The purpose of this chapter is to explain the mechanism
underlying this phenomenon, and using physical reasoning based on that mechanism, to
derive a closed-form approximation to the curve showing the baseband output
interference energy per pulse as a function of the carrier-to-interference ratio times the
ratio of the pulse rate to the receiver bandwidth (the parameter denoted N ).

The closed-form expression derived here is

8z f, B, 1_0.51+log,o log p < —0.51
B 1.7

8zp f,,B, [0.16—1logp

Alp)= o2 | ~0.51<log p<0.16

B 0.67
s 3

a2 I/ log p>0.16

3\By) P’

which is shown below, compared to the numerical results obtained with the FFT,
discussed in [1]. As can be seen, agreement is excellent.

g Af=2.4kHz
& 00 | ,=1kHz ]
3 B,=30kHz
Q if

0r | B, =3kHz ]
<

-40 |

Numerical results - FFT w/ modulation
———Low-fapprox. w/ numerical integration
50 F closed-form approximation ]
———high-p approximation

-60 1 1 1 1 1
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20 log p=10log N, CIR

NETEX System-Level UWB Interference Analysis



11 August 2003 -64 - Contract MDA972-02-C-0056

The pronounced threshold effect does not exist if the desired signal is unmodulated. The
effect is due to a phase change of 27 radians in the composite signal, which cannot occur
in the case considered here if the desired signal is not modulated.

3.2. Review of the FM UWB Interference Model

The desired signal can be expressed as s(¢) = Acos[27f,t + #(t)], and the phase
modulation in the case of a sinusoidal modulating signal is ¢(t) =p sin(27g’mt + a) where
B =Af]/f, isthe modulation index, with Af" being the maximum deviation and f,,
being the modulating frequency. The discriminator output due to the desired signal is

#(t) = 27Mf cos(2nf  t + ax).

The input to the discriminator due to the interfering pulse can be represented as
n(t)= 2B, |P( fo )|hl (Bl.ft)cos(27;7’ot +6), where 6 is the phase angle between the desired
signal and the interfering signal at the beginning of the interfering pulse, 4, (t) isa

normalized (unit bandwidth) version of the impulse response envelope of the IF section,
and B, is the bandwidth of the IF stages preceding the discriminator.

Of interest here is the phase angle (¢) of the total signal s(¢)+ n(¢) that is applied to the
discriminator. Since ;/(t) depends on the ratio of the desired signal and interference

amplitudes (as well as the phase terms), but not on the absolute amplitudes, it is useful to
define

A

S — 3-1
28,|P(f,) G-1)

pE

in which case the normalized desired signal can be written as s(t)= pcos[2f,¢ + ¢(¢)],
the corresponding pulsed interference as n(t) =h, (Bl.ft)cos(Zig”Ot + 9), and the total input

to the discriminator is 7(t)= s(¢)+n(¢). Figure 3-1 shows the basic phasor diagram for

understanding the discriminator input and output as a function of the various signal and
interference parameters. For simplicity, the phase angle of the desired signal was taken
as the reference. The phase angle of the discriminator input is ;/(t) and the discriminator

output is proportional to dy/dt (denoted 7). The term y —¢ is referred to here as the
“excess phase” and its derivative 7 — g, or di(;/ — ¢) is the baseband interference at the
t

output of the discriminator. The phasor diagram in Figure 3-1 shows the excess phase
y —¢ and its relationship to the other parameters.
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Figure 3-1: Phasor geometry for pulse interference analysis

The excess phase and the discriminator output can be expressed as

7(f)—¢<t)=tan—{pf]gfl}ji)fé[i[ﬁ;}gt)] 62

. .\ B,ph (Bift)sin[é? — (1))~ é(t){hf (Bift)+ oh, (Blft)cos[ﬁ — ¢(t)]}
70)-9le)= P> +hi(B,1)+2ph, (B, )cos[o — (¢)]

(3-3)

For the interference analysis, it is useful to define a normalized version of the
discriminator ouput voltage as:

Ph, (t)sin[9 - ¢(t/ B, )]— ¢(ZBif ) {hf (¢)+ ph, (t)cos[@ — ¢(t/ B, )]}

)= P’ +hi(t)+2 ,Zhl (t)coslo — ¢lt/ B, )| G4

so that the baseband interference at the discriminator output is

ibb(t):7(t)_¢(t):Bgf' 'V(Bzft) (3-5)
and its Fourier transform is
Ibb(f):V(f/Bif) (3-6)

The total interference energy due to a single pulse at the output of the baseband filter,
assumed rectangular with bandwidth B, , is
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2

B, /By
E,(p.a,0)= j|1b,, Ldf = j [B J df =B, [[(g) (3-7)
-B, -B, if -B, /By
As described in Chapter 6 of [1], the quantity
B, /By
Ap.a.6,)= [V Mdf_M (3-8)
~By/By Bif

was computed using the fast Fourier transform (FFT), and then averaged over « and &
to give:

Ap)=(Apa,),, = 20 39)

The parameter p can be related to the carrier-to-interference ratio (CIR) by defining
N, ER/B# (3-10)

where R is the average UWB pulse rate. The average interference power at the final IF
filter output is

1, =2B,|P(f,]' R (3-11)

Since the carrier (desired signal) power is C = 4° / 2, and recalling that
p=A/2B,|P(f,), the CIR is

2 B.
CIRZEZ—A =2 _

P
— 3-12
I, 4p( R T RN, o

Hence,

p° =N,CIR (3-13)
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The average interference power at the baseband filter output is

I,,=R-E, =N,B A(p) (3-14)

As shown in Chapter 6 of [1], when p >>1, the normalized baseband interference energy
per pulse is closely approximated by:

3
47° ( B
Alp)= B >>1 3-15
(p) 3P2(B;J p (3-15)

Figure 3-2 shows A(p) vs. p, computed as described above using the FFT and
averaging over € and « . The extremely sharp threshold at p =3 dB, and the flattening-
out of the interference energy as o — 0 are interesting features and have led to questions

about the accuracy of this curve. The purpose of the rest of this Chapter is to develop a
more detailed understanding of the relationships and conditions leading to this curve, and
to verify it with an approximate analytical solution that does not rely on the FFT.

0k i
-10 _ ]
g Af=2.4kHz
I~ 20 f, =1kHz .
mﬁ B,=30kHz
i 30F | B, =3kHz )
<
40 - ]
Numerical results
50 [ ——— High-p approximation 1
_60 [ L L L 1 L L L | - L L 1 L L L | - L L P | L L L 1 L L P | L L
-40 -30 -20 -10 0 10 20 30

20 log p=10log N CIR

Figure 3-2: Normalized baseband interference energy per UWB pulse
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3.3. Analysis

Figure 3-1 shows a snapshot in time of the phasor geometry. Since the pulse amplitude is
time-varying as shown in Figure 3-3, the phase angle r(t) will vary over time as shown
in Figure 3-4, where it was assumed that p is small compared to the maximum value of
the pulse, which is between 1.4 and 1.5 and is mildly dependent on the number of poles.

hy (1)

Figure 3-4: Pulsed interference and total discriminator input at three different times

As the pulse amplitude grows, the excess phase y changes, and the highest rate of change
occurs when the pulse amplitude 4, (t) is roughly equal to p. As h, (t) grows much
greater than p, y approaches € and y becomes very small. After the pulse reaches its
peak and decreases, y begins to change, reaching its maximum rate again when #, (t) is
roughly equal to p. As an example, Figure 3-5 shows 4, (t) for a 4-pole filter (left
ordinate), and the excess phase y(t)— (15(1) (right ordinate) for p =0.1 and 8 =37/4.
Note after the pulse dissipates, y(t)— ¢(t) returns to zero. This means that over the pulse
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duration, ”}/(t) - ¢(t)]dt = 0; that is, the discriminator output interference has no DC

component.
1.6 . . . 140
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14} // \\\ — () 1120
- ,’ \ —== AD- KD
2F (N
,I \ p 4100
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! 6- ¢,=135° \ o =
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I' \
02F1 \\ 420
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Figure 3-5: Normalized IF impulse response and excess phase at discriminator input

If there is modulation on the desired signal, this will no longer be true, and there
generally will be a net change in the excess phase over the IF impulse response duration.

This can be seen with the help of the example in Figure 3-6. Assume that at some time ¢,
the phase of the desired signal is ¢(t1 ), and the phase of the IF impulse response due to
the UWB pulse is €. The phase of the composite desired plus interfering signal is ;/(tl)
as shown in Figure 3-6(a). Note that the excess phase 7/(tl )— ¢(t1) is negative (this is
because, in the example shown, the phasor representing the composite signal r(t) will
rotate in a clockwise sense as 4, (¢) increases). During the duration of the pulse, the
phase of the desired signal increases due to the modulation, and at time ¢, the desired
signal phase is ¢(t2 ) The phase of the composite signal becomes ;/(tz) as shown in
Figure 3-6(b), shown referenced to ¢(t1) for comparison with Figure 3-6(a). Using ¢(t2)

as the reference gives Figure 3-6(c).
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tz) - ¢(tl)

y(t) -9 ()

(@) (b) (©

Figure 3-6: Phasor example with frequency modulation of the desired signal

Note that the excess phase y(t)— ¢(t) has crossed the — 7 point (negative x-axis) and as
the pulse amplitude decreases, will continue in a clockwise sense. This means that unlike
the case discussed above, j [}?(t)— ¢(t)}:lt =-2r.

Figure 3-7 shows an example for & =1.1257x , which roughly corresponds to the case
illustrated in Figure 3-6. It was assumed that p =0.01. Note that the excess phase

7(t)— #(), shown on the right-hand ordinate in degrees, starts at 0° and finishes at —360°.
The normalized version of its derivative 7(¢)— (), denoted v, (¢), which represents the
discriminator output, has a large negative-going spike near B, ¢ = 0, and another of lower
magnitude but broader in time near B, ¢ =2. Also shown for reference are the

normalized IF impulse response envelope #4, (t) and its time derivative. In contrast,

Figure 3-8 shows the discriminator output for the same set of parameters, except that the
desired signal is not modulated. In this case, the excess phase returns to zero, and the two
spikes in the discriminator output are of opposite polarities.

The frequency spectra magnitudes (determined using the FFT) for the modulated and
unmodulated cases are shown in Figure 3-9. What is shown on the ordinate is V( f )/ B, ,

which is the Fourier transform of the discriminator output interference y(¢)— ¢(z).

ro)8, |- [[7(0)- g

which agrees with the FFT results. Also, ¥(0)=0 for the unmodulated case, as also

Therefore, = 27 for the modulated case as discussed above,

predicted in the above discussion.

The important quantity is the interference energy at the baseband filter output per UWB
pulse, which is obtained by integrating the energy spectrum of the discriminator output
interference across the baseband bandwidth. The energy spectrum is shown in Figure
3-10, and the vertical line represents the baseband bandwidth, assumed to be 3 kHz. The
energy within this bandwidth is more than 10 dB higher for the modulated case than the
unmodulated case.
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Figure 3-7: Example of normalized discriminator output and excess phase with
modulation
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Figure 3-8: Same parameters as Figure 3-7, except no modulation of desired signal
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Figure 3-9: Fourier transform of discriminator output, for modulated and unmodulated
cases shown in Figure 3-7 and Figure 3-8
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Figure 3-10: Energy spectrum of discriminator output for modulated and unmodulated
cases
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To better understand the conditions required for a non-zero DC value of the discriminator
output interference, it is useful to redraw the phasor diagram so that the reference is
always the desired signal. The phase change of the desired signal due to frequency
modulation is then represented as a rotation of the interference phasor, with magnitude

h, (t), with respect to the desired signal, as shown in Figure 3-11. The rotation direction
of the interference phasor in this frame of reference is equal and opposite to the actual
phase change due to the modulation. This is illustrated by showing the rotation of the
interference phasor as clockwise with a rate of d¢/dt ; that is, if d¢/dt > 0, then the

interference phasor rotation is clockwise (negative angular change).

Figure 3-11: Reference geometry for signal and interference phasors

In this frame of reference, the excess phase changes by + 27 and the discriminator
output has a non-zero DC value, if the path of the point P encircles the origin. An
example sequence of phasor snapshots for which this is the case is shown in Figure 3-12.
Necessary (but not sufficient) conditions for this to occur are:

e The desired signal is frequency modulated

e p is less than the maximum value of A, ().

o)
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€ 21

LT— =

< ] N 2 f >
c<<ﬁz:i‘\;‘““ <:::j/ ;

70 =9

N
Zal

Figure 3-12: [llustrative example of excess phase trajectory that gives a net non-zero
value
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Clearly, if p > h(t),,. . then | V- ¢| can never exceed 7/2 and the composite signal

phasor cannot encircle the origin. An example is illustrated in Figure 3-13, and the

discriminator output and excess phase for a case roughly corresponding to Figure 3-13
are shown in Figure 3-14.

< % S K P >
- \.; \./
V4 p A
l‘\./’l —
Yo,
/.\
yo,
Figure 3-13: Illustrative example of excess phase trajectory that gives a net zero value
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Figure 3-14: Discriminator output and excess phase for a case roughly corresponding
to the phasor diagrams of Figure 3-13

If the desired signal is modulated and p < /,(t), . , then whether the origin is encircled
will depend on p, @, and « , which is the phase of the modulation tone at the time the
pulse arrives. The fundamental requirement is that 6 — ¢(t) experience a net rotation in
either direction through 7 radians while 4, (t)> p .
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Let ¢, and ¢, represent the two times for which 4,(t)= p, so At =t, —¢, is the time
interval over which 4, (t) > p . The phase change of the desired signal during that time is
Ag = ¢(t2 )— ¢(tl ) The conditions for non-zero net excess phase can be easily understood
with the help of Figure 3-15. Figure 3-15(a) shows the case in which A¢ > 0. The
condition that must be satisfied in that case is:

Ag>[0-¢(t)]-7>0 (3-16)
In the case of Figure 3-15(b), A¢ <0 and the required condition is

—Ap>m—[0-¢(t)]>0 (3-17)

Figure 3-15: Geometry for the two basic cases leading to non-zero excess phase

Recalling that ¢(t) =p sin(27;fmt + a) where £ is the modulation index, f, is the
modulating frequency, and « is an arbitrary phase, the normalized baseband energy
A(p,a,é’) per UWB pulse for a given value of p can be shown as a function of & for
various values of & as shown in Figure 3-16. As indicated, these were computed using
the FFT. The rectangular portions of the curves with high magnitude occur for the range
of 6 which, for a given « , a net excess phase of 27 occurs. Since for p <<1, ¢, =0,
#(t,)= pBsin(a), and it is useful to show A(p,a,@) as a function of 6 — Bsina as in
Figure 3-17.
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Figure 3-17: Same as Figure 3-16, except abscissa is 6 — fsina
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3.4. Approximate Solution using Numerical Integration

The next step is to sanity-check the numerical results by computing A(p, a, 6) using a

different approach that does not rely on the FFT. This will also pave the way for a simple
closed form expression.

Since V( f ) is important only for low values of f(due to the baseband filter) and the
values of ¢ for which /,(¢) is significant are less than about 2.5, the Fourier transform
kernel can be approximated using the first few terms of its series expansion:

e 21— j2nft - 2nft), ft<<l (3-18)

Hence,
V()= [V - joaf -2 e g << (3-19)

The approximation is valid for f << 1 because duration of v(t) is limited to roughly
t<2.

Letting
Yo = Tv(t)dt V= jtv(t)dt v, ZJ.tzv(t)dt (3-20)

gives

|V(f]2 = [yo _2(7?f)2y2]2 +(2793’1)2

(3-21)
=yo — 4 ) yoy, +4af ) vy +4f ) vl
The interference energy per pulse within the baseband bandwidth is
B, /By
2
Ap.a,0)= [(r)df
~By/By
B, 8 B 3 8 B 5 o)
=2ys L —x? = (v - +—xt = ]
Yo B, 3 (Bgf] (.Vl .Voyz) s B, Y2
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Figure 3-18 shows the result, which agrees closely with the results obtained using the
FFT shown in Figure 3-16.

A (o, a, 0)

normalized baseband interference energy per pulse

20

10

-10

-20

-30

-40

T T T T T T T
a=225" a=315" a=180° a=0" a=135" a=45°
a=270° \ ' | r‘ ta\%"

p,=0.01 \/
approximation

1 1 L 1 1 1 1

45 90 135 180 225 270 315 360
0, degrees

Figure 3-18: Normalized baseband interference energy per UWB pulse vs. 8 and o
using the 3-term approximation with numerical integration

To understand the effects of individual terms, it is useful to define:

Ao(p,a,H)E 2)’3_

(3-23)

and A=A, +A, +A,-A, .

Figure 3-19 shows A, + A, and as can be seen, the result differs little from Figure 3-18

except that the minima are deeper. Thus, neglecting the y, term should have little effect

NETEX

System-Level UWB Interference Analysis



11 August 2003 -79 - Contract MDA972-02-C-0056

overall on A(p). Figure 3-20 shows A, , which as would be expected, is non-zero only
over a restricted range of . When it is non-zero, the above discussion shows that
v, =2m . Since it is assumed here that Bb/B,.f =0.1, A, =0.2- (27[)2 =7.9, or about 9

dB, which agrees with the numerical results shown in Figure 3-20. Figure 3-21 and
Figure 3-22 show the first- and second-order terms A, and A, , respectively, and Figure

3-23 shows the cross term A, .

20 T T T T T T T

10 a=225" a=315" a=180° a=0° a=135" a=45°

-
| — s
N

p,=0.01
2-term approx.

Ay (p.a, O)+ A (p, 2. 6) (dB)
normalized baseband interference energy per pulse

-40 1 | 1 ! 1 1 - 1
0 45 90 135 180 225 270 315 360

0, degrees

Figure 3-19: Normalized baseband interference energy per UWB pulse vs. 6 and o
using the 2-term approximation with numerical integration
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Figure 3-20: The DC term, from numerical integration
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Figure 3-21: The first-order term A, in the numerical-integration approximation
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A, (p, o, 6) (dB)
normalized baseband interference energy per pulse - Term 2
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Figure 3-22: The second-order term A, in the numerical-integration approximation
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Figure 3-23: The 0/2 cross term A, in the numerical-integration approximation

It is evident that for combinations of ¢ and & for which A, # 0, the baseband

interference energy is dominated by the DC term A, . This suggests the approximation:
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Ap.,0)

I

A, when A, %0
(3-24)

A, when A; =0

This “two-term” approximation is shown in Figure 3-24 on a decibel scale and Figure
3-25 on a linear scale. From Figure 3-25 it is apparent that the dominant contributor to
the average energy for is the DC term A, and that the contribution of the first-order term

is relatively small, which suggests that the average (over « and ) normalized
interference energy per pulse can be approximated as:

Ap)=22-@a) Polp) P <hl).., (325
if

where Py, (p) is the overall average (taken over & and @) probability or fraction of the

time that a “crossover” occurs; that is, either (3-16) or (3-17) is satisfied and the net
excess phase is 27 . The restriction on p is necessary because no crossover can occur if

p>h (1), . To use this approximation, an expression is needed for Py, (p), which is
developed in the next section.

N
o

10 a=225° a=315" a=180° a=0° a=135° a=45°

el LD
N

normalized baseband interference energy per pulse

)
S)
g
<
20 F 4
.30 F pP= 0.01 -
modified 2-term
approximation
_40 1 L 1 | 1 L 1 1 1
0 45 90 135 180 225 270 315 360
0, degrees

Figure 3-24: Simple 2-term approximation for A(p,a,@), dB scale
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Figure 3-25: Simple 2-term approximation for A(p,a, 49), linear energy scale

3.5. Crossover Probability and Closed-Form Approximation

The overall curve of A(p) vs. p is obtained from averaging A(p,a,@) over all € and

a . In the curve shown in Figure 3-2, this was done numerically. Since the goals here
are to understand the mechanism leading to the curve of Figure 3-2 and to develop an
approximate closed-form expression for that curve, it is desirable to perform that
averaging analytically.

Assuming the angle 6 — ¢(tl )— 7 is uniformly-distributed between 0 and 27 , then the

probability of a crossover (the excess phase crosses 7 in either direction, giving a net
excess phase of 27 ) is

Py, | Ap = M (3-26)
27
with
Ag(t,,t,) = Blsin(S + @, )—sina, | (3-27)
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where 0 = 27[( £ / B, )At is the phase change in the modulating signal during the interval

At, and «, is the phase of the modulating signal at time ¢,. Using the appropriate
trigonometric identity gives

Ap=2p sin%cos(oz1 + gj (3-28)

/2
Averaging over a single positive cycle of cosx gives — J-cos xdx =2/ ,s0
/2

ag) ==~

)
sin — 3-29
2‘ (3-29)

Therefore, the unconditional crossover probability is

sin %‘ p<2r (3-30)

The restriction on £ ensures that there is at most a single crossover (A¢ < 27 ). Clearly,
the maximum value of A¢ is 2. Figure 3-26 shows P, vs. ¢, and Figure 3-27 shows
P,, vs. At. For At in the range of interest here (less than about 2.5), sin(5/2)= 5/2
and

1

Pyo 26 Ju (3-31)
T

Blf
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Figure 3-26: Crossover probability vs. the phase-change angle & .
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Figure 3-27: Crossover probability vs. At

To complete the analysis, an expression is needed to relate Af to p. For the 4-pole IF
filter used in the examples here,

h(t)= At’e™ (3-32)
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where x =32/5=6.4 and 4 =x"/31=279.6. Of interest are the two times at which
h,(t)= p,and the time At between them. Figure 3-28 shows log,, 4, (t) vs. 7, and At
for p=0.1. Figure 3-29 shows At vs. p and the approximation (determined by
regression):

(- O3tlogp e 051
1.7
At = _ 3-33
0.16—log p -0.51<logp <0.16 —
0.67
0 log o >0.16

Figure 3-30 shows P,, vs. p using the approximation for A¢, and Figure 3-31 shows
(27[)2 (Bb / B )PXO (,0), which is the approximation to A(p) for p<h, (t)
11—

max *

0.0 | A

-0.5 -

1ok At for p=0.1

log,, h,(9)

-1.5F

-2.0 H

-2.5

3ol
0.0 0.5 1.0

25

t

Figure 3-28: log,, A, (t)for the 4-pole filter
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Figure 3-29: At vs. p and the approximation
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Figure 3-30: Crossover probability vs. p using the approximation for At vs. p
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Figure 3-31: (27)’ (Bb/Bif )PXO (p), the approximation to A(p) for p < h,(t),....

Figure 3-32 shows the approximation A(p) for p<h, (t)max compared to the numerical
results of Figure 3-2. As can be seen, the agreement is excellent. The high-p

3
B
approximation is A(p)= ﬂ”z — -Lz, p>>1.
3 \By) p
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Figure 3-32: The approximation to A(p) for p<h, (z‘) compared to the FFT-based

max

results

All that is left is to check the 3-term approximation against the numerical results for
p>h (1), ,inwhichcase A, =0,50 A=A, +A,.

The high-p approximation is based on p >>1 and ignoring the modulation of the desired
signal, giving the normalized discriminator output and its transform as:

W)= h,(¢)sin(0 — Bsina) V(f)= janfi )sin(H - pﬂ sina) (3-34)
o

Since %V( f)=- jz;zjrv(t)e-ﬂ’?’fdz, the y, term is
0

. = [lekis = —ﬂ%{%mﬂw

~_H, (0) sin(t9 — fsin a) 3 sin(@ — Bsina)

p p

(3-35)

Figure 3-33, Figure 3-34, and Figure 3-35 show y, (computed with numerical
integration) and this approximation for p =1.5, 2, and 4, respectively.
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With the approximation,

B 2

ﬁT sin?(0 - Bsina) (3-36)
P

Al(p,a,e)zgfrz(
%

Figure 3-36 shown A, and this approximation for p =1.5, and Figure 3-37 shows the
second order term A,. Since A, is more than 10 dB below A, it can be ignored.

Finally, averaging over € and « , which are assumed to be independent and each
uniform on (0,27), gives:

nz[ﬂj Lz (3-37)

which is exactly the same as the high-p approximation in Figure 3-32. Figure 3-38
compares the high-p approximation to the numerical integration result for A, and for

A, +A,, as well as the numerical FFT results. As can be seen, the high-p approximation
agrees closely with A, and is about 0.5 dB below A, + A, which in turn agrees closely
with the FFT results.

0.8 T T T T T T T
=13 o
0.6 using numerical integration
0.4 r K sin(6 - Bsina) l
y = jtv(t)dz =T PP
0 P
0.2

= 00§ \
— — — - a=45 =
02 k- a=90° |
a=135°
................ a=180°
VAr NN S e a=225° 1
a=270°
-0.6 a=315° 1
—————— Approximation
_08 1 1 1 1 1 1 1
0 45 90 135 180 225 270 315 360

6 — fsin, degrees

Figure 3-33: y, and the high- p approximation for p =1.5
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Figure 3-34: y, and the high- p approximation for p =2

03 T T T T T T T
p =4
02 using numerical integration
1 sin(@ - Bsina
3y = [l = - SO=Psiner)
0.1 0 P

a=0° )
— — — - a=45 “ N
a=90° '
a=135° e
................ a= 180"
_______ a=225°
a=270° E
a=315°
—————— Approximation

_0.3 1 1 1 1 1 1 1
0 45 90 135 180 225 270 315 360

Y1

0 — [sina, degrees

Figure 3-35: y, and the high- p approximation for p =4
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Figure 3-36: The first-order numerical integration term A, for p =1.5 (linear scale)
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Figure 3-37: The second-order numerical integration term A, for p =1.5 (linear
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Figure 3-38: Comparison of the high-p approximation and A, from numerical

integration

The overall closed-form approximation for A(p) can be expressed as

Alp)

l67p f,B
167 JuBo ()
ir

/0 < hl (t)max
(3-38)

>

p hl (t )max

3
4n°( B, | 1
3 | By p°

For the particular IF output pulse studied here, Az is related to p approximately by:

NETEX

At

I

1_0.51+10gp

[0.16 —log p
0.67

log p < ~0.51
17 5P

(3-39)
-0.51<logp<0.16

0 log p>0.16
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l67zp f, B, - 0.51+1og p log p <—-0.51
B; 1.7

16zp f, B, [0.16—1log p

Alp)= mZe | —-0.51<log p <0.16 (3-40)

B; 0.67
2 3

4" | By Lz log p>0.16

3 By Yo

Figure 3-39 shows this approximation, as well as the FFT results, the results from the 3-
term Fourier integral approximation, and the high-p approximation.
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Figure 3-39: Comparison of closed-form approximation with numerical FFT results and
the low-frequency transform approximation using numerical integration

Clearly, agreement is excellent over the entire range of p shown. Just as significant, this

approximation has been derived using physical reasoning that clearly explains the
mechanism which produces this baseband noise characteristic.
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